Introduction
How are the roots of a polynomial distributed (in C)? The question is too vague for if one chooses one's favourite complex numbers z 1 , z 2 , . . . , z d then the polynomial d j=1 (x − z j ) has its roots at these points. However if one looks at polynomials that arise frequently then one finds that certain patterns emerge. Take for example x n − 1. Here the roots are equidistributed around the unit circle, at the points {e( j/n) : 0 ≤ j ≤ n − 1}, and the larger n, the more points one has, and the denser they become. (Throughout this article, e(t) := e 2iπt .)
In terms of measure, write µ { f } = (1/n) n j=1 δ z j for a polynomial with (not necessarily distinct) roots z 1 , z 2 , . . . , z d , where δ is the Dirac delta-measure. Let ν {|z|=1} be the Haar measure on the unit circle (that is, uniform distribution). Then we have lim n→∞ µ {x n −1} = ν {|z|=1} (that is, convergence in the sense of "weak convergence").
Another interesting example is (x − 1) n ; in this case all the roots are at the same point on the unit circle, 1; and so lim n→∞ µ {(x−1) n } = δ 1 . One more example is x n − 2. Here the roots are again equidistributed in angle where, as n gets larger, the more points one has, and the more uniformly distributed they become. But there is more than that. As n → ∞ we have 2 1/n → 1, so all of the roots get closer and closer to the unit circle as n → ∞. Therefore
So what distinguishes those sequences of polynomials for which the limiting measure of the roots is the Haar measure on the unit circle? The most obvious difference if one compares polynomials x n − a where a 1/n → 1 as n → ∞, and polynomials like (x − 1) n is that the latter has coefficients whose size grow exponentially in n, whereas the former do not. The main point of this section is to prove a result along these lines: "If the coefficients of f (x) ∈ C[x] are not too large then µ { f } {|z| =1} ". Obviously we need to be more precise than this, but we run into a tricky question: What is the best measure of the size of the coefficients of a polynomial? There are is not far from ν several options used in the literature, and it is known that they do not differ in size by much -however the "by much" can be as large as exponential in the degree of f which is too much for our application. The first result in this direction, due to Erdős and Turán (Erdős and Turán, 1950) 
Progress in arithmetic has suggested that the most natural height is the Mahler measure
this has several advantages, one of which is that if for a given algebraic number α we take f to be the minimum polynomial for α (over Q) and
is simple to use in calculations without reference to the smallest field to which α belongs.
Jensen's formula gives an analytic interpretation of Mahler's measure:
and so M( f ) ≤ max t f e(t) . Now, note that f e(t)
We deduce the following result:
This shows that most of the roots come in towards the unit circle. Now we wish to show that they are uniformly distributed around the circle. For a given polynomial f write the roots as α j = r j e(ϕ j ) with each r j ∈ R + . For 0 ≤ α < β ≤ 1 define N f (α, β) = #{ j : 1 ≤ j ≤ d such that α ≤ {ϕ j } < β}.
